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The objective of this paper is to determine theoretically the material damping of short
fibre-reinforced polymer matrix composites. The major damping mechanism in such
composites is the viscoelastic behaviour of the polymer matrix. The analysis was carried
out by developing a finite-element program which is capable of evaluating the stress and
strain distribution of short fibre composites under axial loading (see Fig. 1a). Using the
concept of balance of force we can express the modulus £,. along the loading direction
as a function of the mechanical properties of the fibre and matrix materials, fibre aspect
ratio, //d, loading angle, 6, and fibre volume fraction, V;. Then we apply the elastic-
viscoelastic correspondence principle to replace all the mechanical properties of the
composite, fibre and matrix materials such as £, E, £, Gr, by the corresponding
complex moduli such as E; + /Ey, and Ef + iE{. After separation of the real and imagin-
ary parts, we can express £, and E; as functions of the fibre aspect ratio, //d, loading
angle, 0, stiffness ratio, £;/E,,, fibre volume fraction, V4, and damping properties of the
fibre and matrix materials such as ny and i, . Numerical results of the composite storage
modulus, £y, loss modulus, £y, and loss factor (damping), n., are plotted as functions
of parameters such as //d, 0, V;, and are discussed in terms of variations of //d, 6, and
E/E, , in detail. It is observed that for a given composite, there exist optimum values
of //d and 6 at which E; and n. are maximized. The results of this paper can be used

to optimize the performance of composite structures.

Nomenclature E, modulus of composite along the
Ae, A, Ay cross-sectional area of composite, x-direction (see Fig. 1b)
fibre and matrix, respectively E; tensile modulus of fibre
d fibre diameter En tensile modulus of matrix
By, longitudinal modulus of composite. G, shear modulus of matrix
(along the fibre direction) (see Gypr in-plane shear modulus of com-
Fig. 1a) posite (see Fig. 1a)
Ey transverse modulus of composite !/ fibre length
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(see Fig. 1a)

tip to tip distance between fibres
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l- (_ 1)1/2

R one-half of centre-to-centre fibre
spacing

Vi fibre volume fraction

X distance along fibre from end of
fibre

o defined in Equation 22

1§ defined in Equation 3

g* defined in Equation 19

€1, extensional (longitudinal strain) of
composite

€, €m extensional (longitudinal strain) of
fibre and matrix, respectively

Nes Mgs M extensional loss factor of composite,
fibre and matrix respectively

NGm shear loss factor of matrix

0 angle between fibre and the x-direc-
tion

Og, O3, Oy average longitudinal stress in com-
posite, fibre and matrix, respect-
ively

g longitudinal stress in fibre

T shear stress at fibre—matrix interface

Vi defined in Equation 23

1. Introduction

It is desirable to design a structure with high stiff-
ness, high strength, low weight, low coefficient of
thermal expansion, high thermal conductivity and
also high damping (or loss modulus). Good damping
is extremely important for structures when they are
used under dynamic loading environments such
as structures used in aerospace applications. The
objective of this research is to first derive analyti-
cally the loss modulus, Ey, and storage modulus
E’. as functions of fibre matrix stiffness ratio,
E¢/Ey,, fibre aspect ratio, I/d, fibre volume frac-
tion, V;, loading angle, 0 (the angle between the
fibre direction and the direction of the applied
axial force), and the damping properties of the
fibre and matrix materials. We then optimize
E,, E; and n,= E,/E, and obtain optimum
values of //d and 0 at which peak values E and
7. occur for a given E¢/E .

One of the first papers to report on optimiz-
ation of damping in structural materials was
that of Plunkett and Lee [1]. The damping of
basic composite structures was improved by
introducing thin constrained viscoelastic layers
on the top and bottom of the structures. These
viscoelastic layers were stiffened by constraining
layers with stiffness equivalent to that of the
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base structure. Plunkett and Lee presented a
method [1] for increasing this damping by cutting
the constraining layer into appropriate lengths.
Thus, they optimized the damping property of
the base structure by using the optimum length
of the constraining layer. The analysis was based
upon effective complex moduli of an equivalent
homogeneous medium.

Experimental investigations have indicated
[2, 3] that damping of discontinuous or short
fibre-reinforced polymer matrix composites is
in general greater than that of continuous fibre-
reinforced composites. Gibson et al. {4] found
the theoretical optimum damping property of
discontinuous aligned short fibre composites for
the case when the axial load is parallel to the fibre
direction. The optimum fibre aspect ratio, I/d, was
derived for a given fibre matrix stiffness ratio,
E¢/Ey. The analysis was based upon Cox’s [5]
shear-lag model for determination of the stress
distribution along the short fibre. The concept
of balance of force and the elastic-viscoelastic
correspondence principle were then applied to
derive the storage modulus, £, and the loss
modulus, £y, as functions of such parameters as
E¢/FEn, V¢ and I/d. In another publication by
Sun et al. [6], damping of short aligned fibre-
reinforced polymer matrix composites was opti-
mized for the case when the fibre direction makes
an angle 0 with the direction of the applied load.
The loss modulus, £, was optimized in terms
of I/d as well as the loading angle 6.

This paper is an extension of the research work
published in [4, 6]. In Cox’s shear-lag model,
one important assumption was equal extensional
strain in the fibre and matrix materials. Based
upon the preliminary investigation by Sun and Wu
[7], the assumption of equal extensional strain
cannot be justified for the cases (a) high stiffness
ratio E¢/Fp,, and (b) low volume fraction, V5. In
this investigation we have developed a finite-
element program which is capable of determining
the stress and strain distribution along a
short fibre. We use the finite-element program
to modify the Cox’s shear-lag model. Then the
concept of balance of force and the elastic-
viscoelastic correspondence principle are applied
to derive E, and E, as functions of such
parameters as E¢/E.,, I/d, 8 and V;. Optimum
values of //d and @ to optimize n, = E,/E, are
obtained. A comparison of the numerical results
obtained from Cox’s shear-lag model with those
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Figure 1 Representative volume element. (a) Aligned case. (b) Off-axis case.

obtained from the finite-element model is also
made.

2. Analysis
The analysis has been carried out in [6] in detail.
For the sake of continuity, however, the essential
part of the development will be presented in this
section.

For a typical representative volume element as
shown in Fig. 1b the expression of the modulus,
E,., along the loading direction x is given by {8].

1 cos*@  sin®@ 1 2
= + Hl—— =T 5in0 cos?0
EL ET EL

(1)

Equation 1 was originally derived for continuous
fibre reinforced composites. £y, Eq, Gyr and vy
can be expressed in terms of E, Ey,, G¢, Gy, etc,
and fibre volume fraction, V%, either from the
rules-of-mixtures or the Halpin—Tsai equation [8].
For short aligned fibre composites, however,
one cannot use the rule-of-mixtures or Halpin—Tsai
equation to represent £¢,. For short aligned fibre
composites, the longitudinal modulus, Ey,, must
also depend on the fibre aspect ratio, //d. Based
upon Cox’s shear-lag model, Fy, is given by [4, 5]

tanh /2

—ﬁl/—z_) Vet Eqy(1 —Ve) (2)

EL = E‘f(l~

where

Cm _(d)
E¢ 1nQ2R/d)*
In Equation 3 the ratio R/d is related to the fibre
volume fraction, Vg, for a specific packing array.
For example, for a square packing array

@ =38 G)

RV T
=2 = 4
( d ) 16V )
and for a hexagonal packing array
RY? n
(d) T 8(3Vp)2 )

Based upon a preliminary investigation [4], packing
geometry has an insignificant effect on the magni-
tude of damping or on the optimum aspect ratio,
l/d. Therefore we use a square packing array
in our subsequent analysis. From Equations 3
and 4 we find that

T
— 21 6
I ©
from which we have
v <% = 0.785 )

This implies that for square array packing, V; can-
not exceed 78.5%. Otherwise, from Equation 3
(BD)* becomes negative, which is physically imposs-
ible.
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Substitution of Equation 4 into Equation 3
yields

Gm _(d)

2
@y =16 E;s In(n/4Vy)

(8)
Equation 8 shows that the parameter ! is essen-
tially a function of fibre matrix stiffness ratio,
E¢/E.,, fibre aspect ratio, I/d, and fibre volume
fraction, V.

The transverse modulus, £, and the in-plane
shear modulus, Fp and Gyp, are almost indepen-
dent of fibre aspect ratio, //d. Therefore, we can
use the same formulas as in the case of continu-
ous fibre composites. In this investigation we
use Halpin—T'sai equations, i.e.

Er = En(1+2m V(1 —m V) )

Grr = Gu(1 +mV)/(Q —n.V3) (10)
where

M = [E/En) — 1/IE/En) +2] (1)

M = [(Ge/Gm) —1]1/[(G¢/Gm) + 1] (12)

For the major Poissons ratio, vyp, which is not
sensitive to fibre length, we use the rule-of-mixtures,
ie.

v = Vep t o (1— V%)

(13)

In order to determine damping of the composite
we assume that both fibre and matrix are visco-
elastic materials. This permits us to use the elastic—
viscoelastic correspondence principle to redefine
the basic material properties as

E, = Ef = E, +iEy
E; = Ef = E; +iEy{
Ep = Eg = Ep +iEp
G = GE = Gl +iGl

(14)

where prime quantities represent the storage
moduli and the double prime quantities represent
the loss moduli. Damping (or loss factor) is defined
as the ratio between loss modulus to the storage
modulus, i.e.

e = ExlE.
n = E"/El
Lo (15)
Mm = Em/Em

Ngm ~ Gr'xll/Gr’n
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After using Equation 14, Equations 2, and 8 to
10 can be written as

R tanh$*1/2
EE = (E; +iE¢) (1—“"BTI/2— Ve (16)
+ (Em FIEp)1 — V)
’ . 1 1 + 27):‘%
Ey = (Em HiEn) T (17)
' e It 1+n;‘Vf
Gir = (G +iGH)—3— 8
tr = (Gm +i m)l‘“anf (18)
where
G + iGm(l/d)?
k82 m m
D=1
o B EDEn +ED —1
[(Et + iES)/(Egy + iEg)] +2
G,+iG" Gl + -G!I __1
ot = (GGG +Gm =1,

T (G +IGH (Gl +iGp)] + 1

Substituting Ef, E¢ and Gyp from Equations
16 to 18 for Fy, Ex and Gyy, respectively, and
E.} for E, into‘Equation 1 we obtain

1 cos’0 | sin*6
E.+iE; E;  Er
+ —i—— —21)1,;'1‘ sin®0 cos*d  (22)
Grr  EL

Equation 22 can be used to determine £, and
E, for the composites by separating the real and
imaginary parts. Since E is an exponential func-
tion of B*1 as shown in Equation 16 which depends
upon the complex stiffness ratio of GrIES as
indicated in Equation 19, a closed-form expression
for the real and imaginary part is very difficult
to obtain. The difficulty can be overcome by
expanding the exponential term tanh §*1 into
power series of the stiffness ratios and then
neglecting higher order terms of the loss factors
such as 17 and n¢ ng etc. The analytical result
is too lengthy to be presented here but it is avail-
able in the authors’ file. The final result can only
be presented in the general form as

Ealt = wl(Ell‘n/Eé: l/daey Vfa Nes Mms nGm)
E.‘:C’ = w2(Elln/Ef” l/d7 6: Vf; Nt Tm s nGm)
Me = ExlEx = V3(Em/Et, 1/d, 0, Ve, ny,

Mm> nGm) (23)



By assuming all the parameters except one are
constants, one can optimize £, Ey and 7, with
respect to that parameter. For example we can
optimize 7, with respect to fibre aspect ratio, I/d,
from the equation

s _
a(l/d)

This completes the analysis by using Cox’s shear-
lag model. Numerical results obtained from this
approach are referred to as Cox’s shear-lag model
results.

As pointed out in Section 1, one of the assump-
tions ‘‘equal extensional strain in the fibre and
matrix materials” used in the Cox’s analysis [5]
cannot be justified. In order to remove this assump-
tion we have developed a finite-element program
{7] which is capable of evaluating the stress and
strain distribution in the fibre and matrix materials
of aligned short fibre composites (Fig. 1a) under
axial loading. This finite-element program can
be used to modify Equation 2 for Ey,.

From the equilibrium equation the average
stress in the composite is given by

24

1
Gy = Z[LH ofdAf+fAmomdAm] 29)
or
oL = GVt Tm(1— V) (26)

where the average stresses 0; and G, in the fibre
and matrix are, respectively, given by

_ 1 2 i
= — A = — d 27
Ot AffAfod £ IJO ogdx  (27)
_ 1
Om = Z;fAmomdAm
where
Vi = A¢g/A.and 1 —V; = A /A, (28)
From Cox’s analysis [5] we can obtain
coshf(l/2 — x)
= B[] — 2 29
M Ea—y ) 29)

Substituting Equation 28 into the first equation of

Equation 27 we obtain
S Y1 (30)
Og tLt —_51/2

The average stresses in the matrix, G,,, and in the
composite, Gy, can he expressed in terms of €,
and €, respectively

G

Om = €mEm

EL = e EyL

Substituting Equations 29 and 30 into the equilib-
rium Equation 25 we obtain

tanhfil/2

W“)Vf + Emem(l e Vf)

EmeL == Efef(l -

(32)

Equation 32 is similar to Equation2 with the
exception that each term is multiplied by the
corresponding strain term. With the assumption
of equal extensional strain Fquation 32 is reduced
to Equation 2.

In order to improve analytical results, Equation
32 is still valid since it is derived from equilibrium
equation and the one dimensional Hooke’s Law.
The finite-element program of Sun and Wu [7]
which is capable of calculating the strain distri-
bution at every point, can now be used. The
detail of development of the program can be
found in [7]. Based upon the finite-element
program we can determine e; at a finite number
of points at the fibre and €, in finite number of
points in the matrix under a given extensional
strain, €;,. Now we can determine the average
extensional strains in the fibre and in the matrix,
respectively, and express in terms of the exten-
sional strain, er, in the following expression

€ = Q€g,
(33)

where o and v are determined numerically from
the finite-element program in [7]. Since, in general,
€m is greater than e;, y should be greater than
unity and a should be less than unity. Substituting
Equation 33 into Equation 32 one obtains

€m = 7YE€L

_tanhgl)2

Ey, = Ef(l W)Vfa-l‘Em(l - Vv

34
Equation 33 and the corresponding equation

B tanhﬁl/Z)Vfa

Ef = (Bi +iE{) 1 ——5 ==
L = (Bf lf)( 8*1)2

+ (Em + B )1 — Ve)y (3%)

should be used to replace Equation 2 and Equation
16, respectively. All the other equations will
remain unchanged. The loss modulus £, and the
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Figure 2 Plot of ng as a function
of & using //d as a parameter for
glass—epoxy composite,

Me/Mm E{/£y, =21 Glass—Epoxy
=05 m=4d
0.4 7:=0.0014
Cox’s Shear—Lag Model
———Finite Element Model
0. 1 | | | 1 | I i I
20 40 6 60 80

storage modulus £, can be evaluated and opti-
mized by exactly the same procedures. Numerical
results obtained this way are referred to as the
finite-element model results.

3. Numerical results and discussion

7, is defined as the ratio of £, /E,, and since both
Ey and E, are functions of E¢/Ey,, I/d, 0, V and
n; etc, the variations of n, and £, may not follow
the same pattern. Therefore, in the numerical
presentations we have three dependent variables
the non-dimensional ratio Ey/E,,, the non-dimen-
sional ratio E,/E,,, and the non-dimensional ratio
Ne/Mm- In general, we have seven independent
variables, namely F¢/E.,, I/d, 8, Vi, ng, Nm and
Nem- A cross-plot including all the possible
variations of the seven variables is almost imposs-
ible and unnecessary. In the following we first
limit our presentation to epoxy matrix material
and four fibre materials; glass, Kevlar, graphite
and boron. Also for most composite materials
used in aerospace industry the fibre volume
fraction varies in a narrow range, from 50% to
60%, so we use V§f=50% in the numerical cal-
culation. For an epoxy matrix material we use
N = 0.015 and ngm = 0.018 [4]. From the
above discussion, the active independent variables
are now narrowed down fo four; //d, 8, n; and
four values E4/F .

Fig. 2 presents the non-dimensional loss factor
ratio /N, of glass-epoxy composites as a func-
tion of 0 using //d as a parameter. It is interesting
to observe that 7, becomes maximum either
when 8 =0° or when 8 =90°. For smaller //d
(say !/d < 5) maximum n, occurs at 6 = 0° and
for large //d the maximum 7, occurs at 6 = 90°.
This result is in contrast with the relation between
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E; and 6 in which the peak values of £ occur
at some angle of @ other than 0° and 90° for
small //d [6]. It is also observed that the differ-
ence in prediction between finite-element model
and Cox’s shear-lag model becomes significant for
small @ and small //d. The above observations are
also valid for boron—epoxy, graphite—epoxy, and
Kevlar—epoxy composites.

It is well-known [9] that graphite fibres them-
selves are orthotropic (i.e. for graphite fibres
Ey, # E1 and the isotropic relation £ =2 (1 + v)G
cannot be satisfied.) In order to take into account
the effect of orthotropic fibres, we use the method
recommended by Whitney [10]. We denote £y, as
the modulus of graphite along the fibre direction
and E¢ as the modulus of graphite transverse
to the fibre direction. In Equations 34 and 16
for Ey we use Fy, and Ey; for E and E¢, respect-

ively, and in Equations 17 and 20 for Ef we
simply use Ej, and Ey, for Ef and Ef, respect-
ively. Numerical results for graphite-epoxy com-
posites are presented in Figs. 3 and 4.

In Fig. 3 we plot n./nm as a function of @
for graphite—epoxy and Kevlar—epoxy com-
posites. We note that n,/ny increases as Eg/Ep,
increases. This result indicates the advantage of
using higher modulus fibres. For graphite—epoxy
composites, we observe that the inherent ortho-
tropic property of carbon fibres makes a signifi-
cant difference in predicting i, for the case when
6 > 10°. This difference increases as 6 increases.

In Fig. 4 we plot n¢/ny for graphite—epoxy
and Kevlar—epoxy composites as a function of
1/d. For the graphite—epoxy composite, we also
examine the effect of orthotropic fibre on 7.
The difference is important only in the region
of small I/d. We also examine the difference
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materials.

Epoxy

between finite-element and Cox’s shear-lag models.
Again, significant difference is found only in
the region of small //d.

Fig. 5 shows n./n, for glass—epoxy and
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boron—epoxy composites as a function of I/d
for different values of 6. With the exception of
small I/d (say 1/d <5), n./nm increases as 6
increases. As 6> 60°, nc/n, is almost indepen-

1.0

Vg=05 7¢=0.0014
0=10 m=2d

Cox’s Shear Model
—— —Finite Element Model

0.8

Ne/Mm

0.6

I

{orthotropic fibre)

— Ef/Em =38
Kevlar—Epox -
poxy p\c (\b‘ﬂ/////": ’_ﬁbre\
0.4 (isoU'g., fﬁ“ot\'o
N e Lo
~ 7’ — =
~ - /e —
B &4/ £, =91 Graphite—Epoxy
0.2~
] o111t L1 1 1l ] i1 i1
1 10 100 1000
l/d

Figure 4 Plot of ng as a function of //d for different composite materials.
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dent of I/d. The difference between the finite-
element model and Cox’s shear-lag model becomes
important again in the region of small 6 and small
l/d. In Figs. 6 to 8, we plot the non-dimensional
E., E; and n. in the same diagram using both
finite-element and Cox’s shear-lag models. Fig. 6a
shows E., E, and 7, as a function of @ for large
l/d (I/d = 100). We first observe that variations
of E; and n, do not follow the same pattern.
As expected the minimum value of E, occurs at
0 =0° and the maximum 7, occur at 6 =90°.
The peak value of E, however, occurs at 6 near
20°. The predictions of the two models differ
significantly for E, in the region of small 8 (say
0 <0 15°). Fig. 6b shows a similar plot for small
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l/d (I/d =10). For small I/d, the difference in
prediction of E,, E, and n, by the two models
becomes larger in the small 8 region than the
corresponding difference for large I/d.

Figs. 7 and 8 show plots of £, E; and 7
as a function of # for boron—epoxy composites
with two different fibre aspect ratios (I/d = 10 in
Fig. 7 and I/d =100 in Fig. 8). All the obser-
vations in Fig. 6 for glass—epoxy composites are
valid for boron—epoxy composites. For boron—
epoxy composites (with E¢/Ey,, = 120) however,
the difference between the two models in pre-
diction of E,, E; and n, is greater than the
corresponding prediction for glass—epoxy compo-
site (with E¢/Eg, = 21).
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Figure 6 Comparison between finite element model and Cox’s shear-lag model ~ I,

4. Concluding remarks and
recommendations

Based upon the vesults of this paper and [6], we

can draw the following conclusions and rec

ommendations regarding optimization of composite

structures:

(1) The storage modulus Ey: (a) for a given
Ijd, £, is maximum at 0 =0 and then decreases
as @ increases; (b) for a given 8, £, increases
asymptotically as I/d goes to infinity; (c) E,
increases as Ey/By, and/or Vy increase.

(2) the loss factor m, =E,/E,: (a) for very
small //d (say Ild <5, ie. in whisker or micro-
fibre range), the maximum 1, occurs for small
angles, 8; (b} for large J/d, the maximum 7,

occurs at large values of 6; (cj n, increases as
E/Ey increases; (d) n, becomes independent of
1/d for large angle of ¢ (say 8 > 60° and/for large
I/d (say I/d > 100},

(3) The loss modulus Ey: in general the vari-
ation of £ is more complex than n, and £,. The
following observations have been made. (a) For
a given Fy/Ey,,, there exists an optimum fibre
aspect ratio, I/d, at which £y becomes maximum.
(b) Both the peak values of £y and the optimum
fibre aspect ratio !/d increase significantly when
high modulus fibres E/E,, are used. Consequently
boron, graphite and Kevlar fibres have distinct
advantages. {c) For a given £;/E,, there exists
an optimum angle & at which E, becomes
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Figure 7 Comparison between finite

E¢/E, =120 Boron—Epoxy element model and Cox’s shear-ag
22 %=05 1/d=10 m=2d model — II1,
74 =0.0014
Cox's Shear—Log Model
B — —~Finite Element Mode!
1.8}
[ ] ]
[
4 L

maximum. (d) This optimum angle, §, decreases as
E;/E,, increases. (¢) The peak value of Ey
diminishes as //d becomes large (say I/d > 100).
(f) The influence of @ and Il/d on E, diminishes
when @ is greater than 60°. When 6 =90°, E,
reaches the same value for all values of I/d. (g) The
influence of fibre damping, n¢, on the optimum
fibre aspect ratio, //d, and the optimum angle
6 is significant. For relatively large values of n¢
(say ng = 0.2 1y, ) the optimum fibre aspect ratio,
1/d, is in the continuous fibre range (say I/d = 100),
and the optimum angle 6 is relatively large. For
small values of 7y (say 0<n;<0.2ny) the
optimum fibre aspect ratio, I/d, is small (say
l/d < 50), and the optimum angle 8 is also small
(say 0<0<20°). (ny is the damping of matrix
material.)

(4) Comparison between the Cox’s shear-lag
model and finite-element model. The difference
between the Cox’s shear-lag model and finite-
element model in predicting E,, E, and n, is
significant under any one or the combination of
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the following four conditions. (a) Small loading
angle 0 (say 6 <30°). (b) Small fibre aspect ratio
l/d (say 1/d < 50). (c) Small fibre volume fraction
Vi (say Vi < 30%). (d) Large E¢/F .

The most ideal situation for designers designing
a structure is to optimize £, and E, (or n,) at
the same time. Unfortunately, based upon the
analytical research shown here we cannot optimize
both £, and E, simultaneously. The situation
between £, and 7, is, however, slightly different,
The analytical results show that for small loading
angles 6 (say 6 <30°), n, becomes maximum in
the whisker or microfibre composites range (i.e.
very small l/d, say I/d <5). The stiffness E, for
microfibre and whisker composites is also rela-
tively high. Therefore, in order to achieve high
stiffness £, and high damping 7., microfibre and
whisker composites seem to be the ideal candi-
dates.

The second possible means of achieving high
stiffness and high damping of a composite is to
choose fibres with relatively large damping.



Figure 8§ Comparison between finite

element model
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Kevlar fibres are known to have such a property. 2. D.McLEAN and B.E.REED, J. Mater. Sci. 10

Therefore, in order to achieve high stiffness and
high damping, Kevlar, microfibre, and whisker
composites are recommended. In general, if we
use other fibres such as boron and graphite, a
trade-off must be made in order to optimize
structural performance.
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